We analyze the dissipative dynamics of a particle governed by a two-dimensional generalized Langevin equation with coupled fractional Gaussian noise and white noise in its respective coordinates, assuming the lowest-order coupling form. Two situations are studied: In the first the particle is free from external force and in the second the particle is subject to a two-dimensional harmonic potential. We derive the general expressions for the mean values, variances, and velocity autocorrelation function and evaluate their temporal evolutions via the numerical Laplace inversion technique. Through the analytical results of the short-time and long-time behaviors, we also explicitly elucidate the effects of fluctuation correlation coupling and interoscillator coupling on the dynamic behaviors of the particle. It is shown that in both situations the couplings do not affect the short-time behavior of self-diffusions in each coordinate, and the subdiffusive and normal diffusive features of these processes resemble those in a one-dimensional system with fractional Gaussian noise and white noise, respectively. However, over a long time period, the fluctuation correlation extends the characteristic time scales for the self-diffusions of a free particle; while only the interoscillator coupling induces a retardation of the relaxation processes of a bounded particle toward equilibrium. Moreover, both couplings generate a cross diffusion, whose long-time approximation has two possible forms, the selection of which depends on the relevant time scales of self-diffusions in each coordinate.
I. INTRODUCTION
Diffusion is one of the fundamental mechanisms for transport of materials in physical, chemical, and biological systems [1] . The description of the ubiquitous Brownian motion in Einstein's 1905 work [2] provides one of the cornerstones which underlies the modern approaches to stochastic processes. The coarse-grained normal diffusion assumes an ensemble of noninteracting Browian particles, resulting in a diffusion equation that involves no memory and is valid only for Markovian processes. Evidently, this normal Brownian motion cannot account for the diffusive processes in many disordered large molecular systems, which exhibit typically non-Markovian characteristics of long-time memory [3] . A major class of anomalous diffusion is subdiffusion. It is a rather general process and has been observed in such as atomic transport in porous substrates [4] , cell migration in vivo [5] , enzymatic binding in crowded cellular environments [6] , local viscoelastic response in actin networks [7] , and conformational fluctuation of protein molecules [8] [9] [10] [11] . One of the mechanisms leading to subdiffusion is chain-dynamics-induced distance fluctuations [12] , such as in the Rouse model, which has been used extensively in studies of polymers [13] . Subdiffusion has been studied through the ensemble-averaged square displacement characteristics of X 2 (t) ∼ t α , where 0 < α < 1 rather than α = 1 of normal diffusion. It has also been investigated through time-averaged square displacement using time series X(t) of single-particle trajectories. Unlike the normal diffusion, subdiffusion leads, in general, to ergodicity breaking * zhaonanr@scu.edu.cn [14] [15] [16] [17] [18] [19] . The ensemble-averaged square displacement and its time-averaged counterpart are related but not equal, in general.
The present work focuses on the ensemble-averaged quantities, with interest in the processes of subdiffusion coupled with normal diffusion motion. The general motivation is to examine the nonequilibrium behavior of two or more Brownian motions that are spatially correlated through their common coupling environment. The multiple dimensionality of Brownian motion is actually rather common in reality. Consider, for example, the electron transfer processes in large molecules. The transfer rate depends on not just the distance between donor and acceptor but also their relative energy fluctuations, and both of them could be of multiple dimensionality by nature. Most recent work has focused only on the distance fluctuation. For instance, Xie and coworkers [9, 10] adopted a one-dimensional generalized Langevin equation (GLE) model to study the conformational change of a flavin oxidoreductase involved in an electron transfer reaction. The underlying donor-acceptor distance fluctuation is inferred from the observed fluorescence lifetime variation via classical electron transfer rate theory [20] with an isotropic superexchange decay parameter. Nonetheless, it was found that some protein-mediated electron transfer processes are sensitive to the protein structure [21] . The resulting electron transfer rate would be given by the multipathway model [22] or the approximated atomic packing-density model [23] , which is composed of through-bond and through-space distinguishable tunneling routes with individual decay parameters. The conformational dynamics would, therefore, require a multidimensional description. Moreover, as mentioned earlier, the description of the underlying electron transfer rate processes should consider also the energy fluctuations. Other examples concern the analysis of complex chemical kinetics in single enzyme molecules [24] and single-molecule rupture dynamics [25] . Both the global conformation fluctuation and local energy fluctuation play important roles in determining the physical processes of interest. These fluctuations could be not only both multidimensional and also correlated via, for example, their common solvent environment.
The aim of this paper is to provide a basic model analysis relevant to the multidimensional diffusive processes. In particular, we examine the ensemble-averaged behavior of correlation between two representing diffusion processes, a subdiffusion coupled with a normal diffusion motion. It is this is the sense of the two-dimensional Brownian particle that is referred to throughout this paper. As a simple generalization, we analyze a two-dimensional GLE given in Sec. II, with a coupled fractional Gaussian noise (FGN) and a white noise (WN) in its respective coordinates. We derive the general expressions of the mean values, variances, and velocity autocorrelation function in terms of relaxation functions. Two situations will be studied in Secs. III and IV: In the first, the particle is free from external force, and, in the second, the particle is bounded by a two-dimensional coupled harmonic potential. The exact temporal evolutions of the dissipative quantities are obtained numerically, whereas their short-time and long-time asymptotic behaviors are investigated analytically. The effects of coupling coming from both internal noises and external forces on the dissipative particle dynamics are clarified. Finally, we conclude this work in Sec. V.
II. GENERALIZED LANGEVIN EQUATION WITH TWO COUPLED COORDINATES
Consider a Brownian motion with two degrees of freedom,
T , where the superscript T denotes transposition, described by the following GLE:
Here U (X) is an external potential, K(t) represents a dissipative memory kernel matrix, and
T is a random force vector. We assume F 1 (t), a FGN closely related to a fractional Brownian motion process [26] . It leads to a subdiffusive process with a broad range of time scales. Its autocorrelation function takes a power-law form,
with · denoting trajectory averaging. The proportionality coefficient η γ depends on the exponent γ in general but does not depend on times. Taking into account WN below where WN would amount to γ = 1 [cf. Eq. (8)], we choose η γ = η (2 − γ )(1 − γ ), also consistent with the conventional treatment of FGN [27] . On the other hand, F 2 (t) is treated as a Gaussian WN,
with η being the measure of the white noise strength. It is related to a normal Brownian motion process. In general, F 1 (t) and F 2 (t) may correlate with each other. The classical cross-correlation function is F 1 (t)F 2 (τ ) = F 2 (t)F 1 (τ ) . The dissipative memory kernel K(t) links to the random force F(t) by the classical fluctuation-dissipation theorem [28] ,
where β ≡ 1/(k B T ), with k B being the Boltzmann constant and T the temperature. The classical dissipative kernel K(t) is a real symmetric matrix and satisfies K(−t) = K(t). Its diagonal elements are dictated by the autocorrelation functions, Eqs. (2) and (3), resulting in K 11 (t) = βη γ |t| −γ and K 22 (t) = 2βηδ(t), respectively. The off-diagonal elements K 12 (t) = K 21 (t) are cross-correlation functions between two noises. Considering the fact that the spectrum of the memory kernel matrix, K(ω) ≡ dt e iωt K(t), should be positively defined [28, 29] , we introducẽ
with | | 1 to measure the fluctuation correlation coupling strength between two noises. In general, this coupling could have differed, and can depend on frequency. However, to elucidate the essential role of noise coupling, we consider its leading term in a Taylor expansion, throughout this work, by treating rather as a frequency-independent parameter. We obtain
where (z) is the function. For later use, we calculate the Laplace transformation of the memory kernel matrix K(t),
where
), which via the identity (
) (
] can be simplified as
It satisfies 0 < γ / < 1 for 0 < γ < 1. The larger γ is, i.e., the closer the FGN is to the WN, the larger the value of γ / will be. Apparently, it is the effective noise correlation parameter γ , rather than defined in Eq. (5), which plays the role in the GLE of Eq. (1) and its dynamics as elaborated in the following. We further consider U (x) is a two-dimensional harmonic potential, characterized by a Hessian matrix w. The formal solution to the GLE of Eq. (1) can be obtained by means of the Laplace transformation technique, resulting in
with
Here x 0 = X(0) and v 0 =Ẋ(0) are the initial values; G(t) is the dissipative Green function for solving X(t), given by the Laplace inversion of
The integral of G(t) yields Q(t),
while the relaxation Green function g(t) for solvingẊ(t) is
From Eqs. (12) and (13), it follows G(0) = 0 and g(0) = I. Furthermore, similar to the one-dimensional case [30, 31] , it can be shown that the relaxation function g(t) is identical to the long-time behavior of the normalized velocity autocorrelation function (see the appendix for the detailed derivation):
Finally, we obtain the variances as follows:
All quantities of interest are now expressed in terms of the three relaxation functions, G(t), Q(t), and g(t). In practice, these three key functions can be evaluated in a streamline manner. For example, one can, first, calculate Q(t), and then take the first and second time derivatives to obtain G(t) and g(t) successively, as suggested by Eqs. (15) and (16) . The information about the dissipative particle dynamics is, thus, followed accordingly by way of means [Eqs. (12) and (13)], velocity autocorrelation function [Eq. (17)], and variances [Eq. 18] . Note that as w → 0, all these quantities of a bounded particle will reduce to those of an unbounded one.
In addition to these exact solutions, we will also analyze the asymptotic behavior of the particle to elucidate explicitly the effects of fluctuation correlation coupling and inter-oscillator coupling on the dynamics. We will see that a bounded particle is ultimately confined to its equilibrium by a harmonic potential, while a free particle diffuses unboundedly under internal fluctuation. Thus, the long-time approximations for unbounded and bounded particles are expected to differ markedly. We study these two situations separately in the two coming sections.
III. UNBOUNDED BROWNIAN PARTICLE
For an unbounded Brownian particle, i.e., w = 0, the diffusion process is wholly governed by the frictions induced by its stochastic environment. In addition to the dynamical quantities discussed in the preceding section, the mean-square displacement (MSD) X(t)X(t)
T and the relative diffusion coefficient D(t), will facilitate understanding of the diffusive features of a free Brownian motion. Without loss of generality, it is assumed that x 0 = 0 and the thermal equilibrium condition (12) and (18a), the mean-square displacement can be derived as
The diffusion coefficient then, according to the definition [32, 33] , follows
Similarly, both MSD and the diffusion coefficient are completely determined by the relaxation functions, i.e., Q(t) and G(t), respectively. To analyze the whole dissipative dynamics, we start with Q(t). Inserting the memory kernel matrixK(s) of Eq. (7) into Eq. (14), and taking into account thatQ(s) =Ĝ(s)/s, we obtain in Laplace domain,
Obviously, due to the finite effective cross correlation ( γ = 0), the self-diffusions in FGN and WN coordinates are entangled with each other, and meanwhile a cross diffusion between these two coordinates arises. In what follows, the self-diffusion quantities will be denoted with the superscripts "FGN" and "WN," respectively, with the cross quantities as "FW." In a straightforward manner, the inverse Laplace transformation of Eq. (21) gives the temporal evolution of Q(t), and then G(t) and g(t) are evaluated by its first and second time derivatives. These exact solutions will be obtained with the aid of numerical Laplace transformation technique.
In contrast to the numerically exact results, the approximate solutions in short and long time periods can be obtained with analytical tractability, through which the effect of the fluctuation correlation coupling on the dissipative dynamics can be resolved to a certain degree. Moreover, the normal or abnormal features of the diffusion process could be identified by investigating the long-time asymptotic behavior.
We commence with the question regarding when the fluctuation correlation takes place in action. The off-diagonal terms in Eq. (21) suggest the unbounded correlation time scale would be
On the other hand, as inferred from the diagonal terms in Eq. (21), we define the intrinsic characteristic diffusive times as
They measure the relaxation time scales of the two unbounded and uncorrelated coordinates. When t < τ * s , the self-diffusions appear as if there is no fluctuation correlation. The resulting short-time behaviors of self-diffusions in each coordinate are listed in Table I . Here 
we have used the Laplace inversion formula [34] ,
with E a,b (y) being a generalized Mittag-Leffler function [35] defined by a series expansion,
Apparently, as depicted in Table I , the key quantities in FGN coordinate depend on both τ 1 and γ , while those in WN coordinate depend on τ 2 = k −1 alone. Figure 1 depicts the self-diffusion quantities Q FGN (t) and Q WN (t), with the comparison between the short-time approximations (solid curves) given in Table I and the exact solutions (dashed curves) obtained by the numerical Laplace inversion of Eq. (21). We hereafter set βη ≡ 1 for the internal unit, thus, k γ = (3 − γ ), as can be seen from Eq. (8) . As a result, the short-time approximation of FGN is determined by only one parameter γ as well. Therefore, we demonstrate Q FGN (t) with identical γ but different ( γ ,k), while Q WN (t) with identical k but different ( γ ,γ ). It is shown that each type of quantity practically degenerates itself when t < τ * s , irrespective of the noise correlation and the fluctuation associated with the counter coordinate. The short-time approximations are really excellent when compared with the exact curves in Fig. 1 within τ* s .
For the cross diffusion, the short-time behavior would better be analyzed with t < max{τ 1 ,τ 2 }. The off-diagonal term in Eq. (21) is found to have one of two possible approximations:
the selection of which depends on the relative magnitudes of the intrinsic characteristic diffusive times τ 1 and τ 2 . Figure 2 plots the numerically exact solutions (solid curves) of the cross diffusion Q FW (t) versus its short-time approximations (dashed curves) according to Eq. (26) for 
For the self-diffusions, Eqs. (27a) and (27b) amount to
, respectively. The relevant time scales are the unbounded characteristic times,
They satisfy τ 1 τ 1 and τ 2 τ 2 , with the equals signs holding only when the effective noise correlation γ vanishes (i.e., = 0 or γ → 0 [cf. Eq. (9)]). In other words, the fluctuation correlation leads to a prolonged diffusion time in each coordinate.
With the aid of the asymptotic property of the generalized Mittag-Leffler function [34] ,
we, further, obtain the long-time behaviors of the key quantities Q(t), G(t), and g(t) when t max{τ 1 ,τ 2 }. Accordingly, by way of Eqs. (17), (19) , and (20), we arrive at the asymptotic solutions of MSD, diffusion coefficient, and velocity autocorrelation function as shown in Table II . In the absence of fluctuation correlation ( γ = 0), these quantities reproduce those obtained in a one-dimensional framework associated with FGN [36] and WN [37] .
As evident in Table II , the subdiffusive and normal diffusive features are retained in a two-dimensional correlated system and resemble those in one-dimensional system with fractional Gaussian noise and white noise, respectively. Indeed, in the FGN coordinate, MSD takes a form proportional to t γ , and, meanwhile, the diffusion coefficient follows a power-law decay (∼ t γ −1 ), tending to zero as t → ∞. Furthermore, the velocity autocorrelation function exhibits a long negative tail. It leads to an incessant change of direction of the velocity and has been named the whip-back effect in the literature [38, 39] . The above features characterize a subdiffusive process. On the other hand, in the WN coordinate, MSD increases linearly in time, with a finite diffusion coefficient, and the velocity autocorrelation function [≈ exp(−t/τ 2 )] vanishes over a long time period, indicating a normal diffusion. The presence of a fluctuation correlation does not change the self-diffusive property, as illustrated above. Nevertheless, it quantitatively strengthens the whip-back effect, enhances the diffusion coefficients, and retards the diffusion processes through prolonging the characteristic time scales [cf. Eq. (28)]. Figure 3 shows the asymptotic solutions (solid curves) of the diffusion coefficient in the FGN coordinate, i.e., D FGN (t), as given in Table II , for several representative values of γ . They match well with the numerically exact solutions (dashed curves) when t max{τ 1 ,τ 2 }. Subdiffusive decay with a power-law tail of this quantity is, therefore, justified. Furthermore, along with the increase of γ , the amplitude of D FGN (t) is augmented and, simultaneously, the system takes longer to approach its equilibrium. It is interesting to note that the peak of this quantity is not far from max{τ 1 ,τ 2 }.
Finally, for cross diffusion when t min{τ 1 ,τ 2 }, or, more appropriately, when t max{τ 1 ,τ 2 }, as will soon be shown, the inverse Laplace transformation of Eq. (27c), first, leads to two possible intermediate forms as follows:
the selection of which depends on the relative magnitudes of the unbounded characteristic times τ 1 and τ 2 . Then, when t max{τ 1 ,τ 2 }, two possibilities in Eq. (30) reduce to a uniform expression,
As a result, one obtains immediately,
which feature evidently a subdiffusive cross motion.
IV. PARTICLE BOUNDED BY HARMONIC POTENTIAL
We proceed to consider a two-dimensional Brownian particle confined by a coupled harmonic potential, with the Hessian matrix,
Here, ω 1 and ω 2 are the frequencies of oscillators in FGN and WN coordinates, and λ is introduced as a measure of the coupling strength between these two oscillators. With a requirement that w be positive, we have |λ| < 1. Inserting Eqs. (7) and (33) into Eq. (14) leads tô
We proceed to analyze the short-time and long-time behaviors as follows. First, the short-time (t < min{1/ω 1 ,1/ω 2 }) behavior of the bounded particle is expected to be the same as that of the free particle. Figure 4 depicts the exact solutions of Q FGN (t), Q WN (t), and Q FW (t) (dashed curves), obtained by the numerical Laplace inversion of Eq. (34) . Also included here are the solutions (solid curves) given by Eq. (21) for an unbounded Brownian particle. The figure is obtained with the same noise correlation and fluctuations in each coordinate but different pairs of oscillatory frequencies. It shows that each type of quantity of a bounded particle degenerates itself and matches well with that of a free particle in a short time period ( t < min{1/ω 1 ,1/ω 2 }). This justifies the idea that free diffusion provides a good short-time approximation for the diffusive process of a harmonically bounded particle.
Next, we turn to the long-time analysis. When considering the limit of a long time period, we have
Therefore, in opposition to the free particle diffusion, the mean-square displacement X(t)X(t) T = Q(t) − Q(t)wQ(t) will asymptotically tend to zero due to the confining potential. Note that, like Refs. [10, 40] , U (X) is the potential of mean force obtained from U (X) = −β −1 ln[P (X)]. P (X) is the twovariable Gaussian probability density function of the stochastic 
wX). (βw)
−1 represents an included equilibrium variance matrix. For analyzing the long-time behaviors before reaching that limit, for simplicity, we omit the off-diagonal term in Eq. (34) arising from the fluctuation correlation, i.e., γkγ s γ +1 2 , since it will become less and less important compared with the interoscillator coupling term λω 1 ω 2 as time increases. We emphasize here that this simplification is valid only with the premise of finite ω 1 and ω 2 . When ω 1 and ω 2 approach zero, the fluctuation correlation is the only source of coupling. Equation (34) reduces to the dynamics of an unbounded particle, and the long-time approximation follows Eq. (27) . In the bounded situation, however, it is the interoscillator coupling rather than the fluctuation correlation which retains its importance to the coupling effect over a long time period. This leads to a very different asymptotic behavior [see Eq. (36) below]. Following similar algebra to Eq. (27), we now obtain
As anticipated, the cross term [Eq. (36c)] arises from λ mixing rather than the fluctuation correlation [cf. Eq. (27)]. For self-diffusions, we obtain from Eqs. (36a) and (36b) the expressions,
. (38) They define the bounded coupled characteristic times in FGN and WN coordinates, respectively. For cross diffusion [Eq. (36c)], we further compare the two relevant involved time scales and obtain
Obviously, the above Q(t) [Eqs. (37) and (39)] assumes an equilibrium value in agreement with Eq. (35) . Moreover, the interoscillator coupling λ extends the time scales of the diffusive processes. This is similar to the role of γ played in Eq. (28) . The coupling λ also dictates the cross diffusion approaching equilibrium. The asymptotic behaviors of G(t) and g(t) can be obtained via the derivatives of the intermediate expressions of Q(t) as presented in Eqs. (37) and (39) . We will also apply the approximation expression Eq. (29) . As a result, over a long time period (t τ 1 ), Eq. (37a) for the FGN coordinate assumes the form Meanwhile, Eq. (39) for the cross diffusion becomes
Note that the key quantities of the self-diffusion in FGN coordinate are subject to a power-law decay [as seen in Eq. (40)], which features subdiffusive dynamics [31] . Quantities in the WN coordinate, in contrast, exhibit an exponential equilibrium rate [as seen in Eq. (41)] characteristic of a normal diffusive process. As λ = 0, cross diffusion vanishes and the self quantities above reproduce those of a one-dimensional harmonically bounded particle associated with FGN [31] and WN, respectively. In the case of WN, the stochastic process is Markovian and its dynamics are well known [41] . Figure 5 presents the exact solutions (dashed curves) of the velocity autocorrelation function in the FGN coordinate, i.e., C FGN v (t), by performing the second derivative of Q FGN (t). The long-time asymptotic solutions (solid curves) are also exhibited according to Eq. (40b), and approximately match the exact ones when t τ 1 . The subdiffusive decay with a negative power-law tail of this function is well demonstrated. Meanwhile, it is evident that the interoscillator coupling λ slows the relaxation toward equilibrium. Figure 6 shows the exact solutions (dashed curves) of the cross-velocity autocorrelation function, i.e., C FW v (t), versus its long-time approximations (solid curves) by using Eq. (43). Two cases ofτ 1 >τ 2 andτ 2 >τ 1 (see the specified values in the figure) are analyzed. It is shown that the coincidence between the approximations and the exact solutions is really excellent when t > max{τ 1 ,τ 2 }. 
V. CONCLUDING REMARKS
In this work, we analyzed the Langevin dynamics of correlated subdiffusion and normal diffusion motions, assuming a frequency-independent parameter in Eq. (5) for the fluctuation correlation coupling strength between two noises. The constant ansatz amounts to the leading contribution in its Taylor expansion, and the resulting correlated Langevin dynamics elucidates the essential role of noise coupling. Two situations are studied: In the first, the particle is free from external force and, in the second, the particle is subject to a two-dimensional harmonic potential. The exact dynamics are derived explicitly and are evaluated via the numerical Laplace inversion. Furthermore, through the analytical results of the short-time and long-time behaviors, we elucidate also the effects of fluctuation correlation coupling and interoscillator coupling.
As a conclusion, over a short time period, the couplings have no effect on the self-diffusions of a particle in each coordinate in either situation. Meanwhile, the long-time analysis shows that the subdiffusive and normal diffusive features of these processes remain when under the effect of coupling and resemble those in one-dimensional system with fractional Gaussian noise and white noise, respectively. However, the fluctuation correlation will qualitatively extend the characteristic time scales for the self-diffusions of a free particle; while only the interoscillator coupling leads to a retardation of the relaxation processes of a bounded particle toward equilibrium. Moreover, both couplings will lead to the presence of a cross diffusion, whose long-time approximation has two possible forms. For a free particle, the selection of this approximation depends on the relative magnitudes of the intrinsic characteristic diffusive times; while for a bounded particle, it depends on a comparison of the magnitudes of the bounded coupled characteristic times.
This work can easily be extended to further Langevin dynamics in the framework of multidimensional GLE to describe a variety of phenomena related to concurrent normal and abnormal diffusions. An application of the present theory to the study of the complex chemical kinetics in single enzyme molecules is in progress.
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APPENDIX: VELOCITY AUTOCORRELATION FUNCTION MATRIX
This derivation is similar to one done in a one-dimensional GLE [30] framework. We assume that the velocityẊ(t) relaxes toward a stationary state. In view of Ẋ (t)Ẋ(t)
T → β −1 I as t → ∞, the normalized velocity autocorrelation function is expressed by Its Fourier transformation can be proven to be real bỹ 
